Abstract-Measuring specular surfaces is of importance in both scientific and industrial applications. In this paper, we present a structured light method to measure the shapes of specular surfaces with one-shot projection. This method projects a pattern of laser rays onto the specular surface. By intercepting the reflection of a projected laser pattern twice, two points of each reflected ray are obtained. Then each reflected ray is determined with an analytical solution. Further, the interception points of the projected pattern on the specular surface are obtained with the analytical solutions of the intersections between the incident rays and the reflected rays. Due to the smoothness of the specular surface, the finer surface with higher resolution can thus be reconstructed by polynomial interpolation based on these reconstructed points. To increase the measurement accuracy, we propose a pattern registration method to eliminate the noise and radial lens distortion by decreasing the degree of freedom of the projected rays to one during system calibration. Experimental results showed that this structured light method with pattern registration could achieve the femtometre measurement accuracy.
I. INTRODUCTION
Many industrial and scientific applications need to measure specular surfaces accurately. For example, mirrors used by the telescopes, melting weld pool during welding and solders after welding. Most traditional 3D reconstruction methods fail in these situations because their working principles rely on the facts that the objects in the scene are made of Lambertian surfaces. For traditional structured light methods [1] [2] [3] , the specular surfaces add an ambiguity among the normal and depth. For traditional stereo vision methods, the specular surfaces prevent the two cameras from obtaining two views directly. The methods proposed for mixed diffuse and specular surfaces [4, 5] are not suitable for reconstructing specular solely objects either.
In the past decades, a lot of efforts have been put into measuring the specular surfaces and different methods have been proposed, including (1) single image based methods [6] [7] [8] [9] and (2) multiple images based methods [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . For most of these state of the art methods, they could not achieve zero measurement accuracy in the ideal situation that is free of noise and lens distortions. The method proposed in [18] could achieve zero error in theory because all the computations involved are analytical. However, this method is very sensitive to noise and lens distortions.
Up to now, the best measurement accuracy achieved is micrometer by [7] in which the authors used the laser and camera for measurement. The developed system in the past research [18] also adopts the structured laser dot pattern projection which has clear matching relationship. Two cameras are used to compute the reflected rays and points on the specular surface with analytical solutions. Due to the analytical solutions, the proposed method could achieve zero error reconstruction accuracy in simulation. Unfortunately, it could only achieve one-tenth millimeter accuracy during measuring object with millimeter size in practical implementation due to the noise and radial lens distortion. Consequently, the reconstructed objects are unrecognizable without modeling and it could only be used to reconstruct objects with known shapes with limited accuracy.
In this research, we register the projected pattern with the designed pattern and reduce the degree of freedom to 1, which could eliminate the noise and radial lens distortion effectively. As a result, the specular surface could be reconstructed with femtometre accuracy. Since the specular surface is usually smooth, a finer resolution can be reconstructed by polynomial interpolation based on adequate sampled points.
II. THE PROPOSED APPROACH

A. Working Principle
The working principle of the developed structured light method is illustrated in Fig. 1 . There are three planes p1, p2 and p3 with three cameras c1, c2 and c3 aimed at them respectively. The projection center of the projector is denoted as C and the projection center of the virtual camera is denoted as C'. Plane p1 is defined as the reference plane, z=0 and it originates at O. The laser ray is projected onto and reflected by plane p1 onto a beam splitter which splits the ray into two parts that intercept planes p2 and p3 respectively. During calibration, the poses of the three cameras are estimated. Then the equation of the diffusive plane p2 is computed by camera c2 and the virtual camera. In the same way, the equation of the diffusive plane p3 is computed by camera c3 and the virtual camera. With the equation of the diffusive plane, the Homography between the camera and the diffusive plane and the camera coordinates of the interception points, the 3D world coordinate of the interception point can be computed. When the points on p3 are computed, they are mapped to p4. Then, two points intercepting one ray are obtained and the ray can be determined uniquely with analytical solution. With the incident rays determined by camera c1, the interception points of the projected pattern on the specular surface are obtained with the analytical solutions of the intersections between the incident rays and the reflected rays. 
B. Projection Center and Virtual Camera
The laser rays are projected from the point C and reflected by the mirror plane onto the diffusive plane. According to the reflection law and central projection theorem, the equations of the reflected rays are the same as those projected directly onto the diffusive plane from the point C' which is the symmetric point of C relative to the mirror plane as illustrated in Fig.1 . The central projection from C' intercepts the mirror plane and the diffusive plane in the same way as light goes through a pin-hole and images on the image plane. Hence, the mirror plane can be treated as the image plane of a virtual pin-hole camera. The interception points on the diffusive plane can be treated as the objects that are imaged on the mirror plane. With this virtual camera and another real camera imaging the interception points on the diffusive plane, the equation of the diffusive plane can be determined, which will be described in the following section.
The center C is computed as the inception point of all the projected laser rays. Hence, we need to compute the equation of each laser ray first. We use horizontal planes to intercept the incident rays and then compute the 3D coordinates of the interception points. Two points can determine one ray and at least two planes are needed to intercept the rays. To reduce the effect of noise, we increased the number of the horizontal planes from 2 to N (N= 6 in this research work). The 3D coordinates of the interception points are computed with the calibrated camera c1. With six known points for each incident ray, its equation is computed by singular value decomposition (SVD). With all the incident rays determined, we use the least square method to find the projection center C whose distances to all the incident rays are the smallest.
C. Pattern Registration
A Pico Laser Projector is used to project a pattern of bright dots and each dot represents a laser ray. The pattern is projected onto the horizontal diffusive plane and captured by a dragonfly camera c1. To obtain the world coordinates of these bright dots, we compute their x coordinates and y coordinates as the mean of the bright pixels. Because of the used optics (projector and camera), both noise and lens distortions are introduced, which in turn decreases the final reconstruction accuracy greatly. In this section, we propose a pattern registration method to eliminate the noise and lens distortions.
The used Pico Laser Projector is central projection. For the central projection, the angle between any two projected rays does not change and all the projected rays intersect at the projection center. This is the fundamental property of the projector, on which the proposed pattern registration method is based.
In the designed pattern, each bright point represents one projected ray. Along both row and column directions, the distance between two adjacent bright points is equal. The brightest point is the center of the pattern and it corresponds to the center projected ray by the projector. The proposed registration method is based on two properties of the projector.
(1), The angle between the center ray and any other ray is fixed; (2), The projection is central projection.
Since the distance D between the projection center and the orthogonal interception plane is unknown, the following algorithm is used to compute it [23] [24] .
Step 1: Choose a set of rays (e.g. 45 rays) around the center ray based on the captured pattern. Compute the angles between the chosen rays and the center ray.
Step 2: Choose the correponding points from the designed pattern. Compute the angles between the chosen points and the center ray with an initial estimated value of 1000 in pixel.
Step 3: Compute the total difference of all the angles.
Step 4: Find D that makes the total difference of all the angles minimum.
After the distance D is computed, the angle between the center ray and any other ray could be computed. After the angle is determined for each ray, the projected rays have been modeled. If the plane that intercepts the projected rays is known, the interception pattern can be determined. To find the interception plane P that produces the captured pattern, the following steps are conducted.
Step 5: For the captured pattern, use the set of points (e.g. 44 points) around the center point to compute the distances between the chosen points and the center point.
Step 6: For the designed pattern, choose the same corresponding points from the interception points of the modeled rays with the interception plane P. Then compute the distances between the chosen points and the center point.
Step 7: Compute the total difference of all the distances.
Step 8: Find the plane P that makes the total differences of all the distances minimum.
After the interception points of the modeled rays with the plane P are computed, we need to transform the coordinate system back into the world coordinate system by affine transformation. We register the two set of points based on the least square errors by finding the affine matrixthat makes the sum of the distance minimum. Fig. 2 shows the modeled points after registration (in red circle) and the original points (in blue cross). As can be seen, they match well. To further demonstrate the good match between the modeled coordinates and the original coordinates, we plot x coordinates and y coordinates of the modeled points versus the original points in Fig. 3 . After the points are modeled, they are used for system calibration as described in [20] . After system calibration, the specular surface could be reconstructed with one-shot projection as described in [21] . Fig. 4 shows the developed system for the proposed structured light method. Camera c1 is aimed at the horizontal screen, p1 which is placed on the top of the Metric Lab Jack whose height can be adjusted flexibly. The rays are produced by a Pico Laser Projector and they are reflected by the specular surface onto the beam splitter that splits the rays into two parts. Half parts of the rays pass through and image on the diffusive plane, p2. Half parts of the rays are reflected and image on the diffusive plane, p3. Two cameras, c2 and c3 synchronically record images on the two diffusive planes, p2 and p3 at 60 frames/sec. Fig. 5 (a) , where the blue circles denote the original points and the red crosses denote the reconstructed points.
III. EXPERIMENTAL RESULTS
We compute the errors of reconstructing the flat mirror with pattern modeling of the camera coordinates in c2 and c3 and the world coordinates in p1, p2 and p3. Fig. 5 (b) , where the blue circles denote the original points and the red crosses denote the reconstructed points. As can be seen, when all the involved patterns are modeled, the reconstruction error is close to zero, which is consistent to our simulation results with MATLAB. We reconstruct a convex mirror to show the strength of the proposed pattern registration method visually in Fig. 6 . Fig.6 (a) shows the reconstructed convex mirror without pattern modeling. The noise and lens distortion ruined the reconstruction severely. Fig. 6 (b) shows the reconstructed convex mirror with pattern registration. As can be seen, there is a noise threshold that determines if the proposed structured light method can work effectively. Only when all the noises involved are eliminated, the proposed structured light method can work well with measurement error close to zero. Both the strength of the proposed pattern registration method and the presented structured light methods are verified.
IV. CONCLUSION
Through intercepting the reflection of a projected laser pattern twice, the presented structured light method gives an analytical solution for each reflection ray and an analytical solution for the corresponding point on the specular surface. The specular surface can thus be reconstructed by one-shot projection. The proposed pattern registration method can eliminate the noise and lens distortion effectively and thus critical for the presented structured light method to achieve desirable measurement accuracy. Experimental results showed that the measurement accuracy of the developed system is up to femtometer accuracy.
